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Abstract. Robust and sensitive tools to characterise local structure are essential for investigations of granular or particulate
matter. Often local structure metrics derived from the bond network are used for this purpose, in particular Steinhardt’s bond-
orientational order parameters ql . Here we discuss an alternative method, based on the robust characterisation of the shape
of the particles’ Voronoi cells, by Minkowski tensors and derived anisotropy measures. We have successfully applied these
metrics to quantify structural changes and the onset of crystallisation in random sphere packs. Here we speciﬁcally discuss
the expectation values of these metrics for simple crystalline unimodal packings of spheres, consisting of single spheres on
the points of a Bravais lattice. These data provide an important reference for the discussion of anisotropy values of disordered
structures that are typically of relevance in granular systems. This analysis demonstrates that, at least for sufﬁciently high
packing fractions above φ > 0.61, crystalline sphere packs exist whose Voronoi cells are more anisotropic with respect to a
volumetric moment tensor than the average value of Voronoi cell anisotropy in random sphere packs.
Keywords: granular matter; local structure; random close packing; sphere packs; order metrics
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The quantitative morphological description of local
structure is a commonly required tool when studying
amorphous particulate systems, such as granular matter
or structural glasses, but also in cellular structures such
as liquid soap froths or metal foams. Often, the task at
hand will be the detection of local crystalline domains,
e.g. in nucleation phenomena in sheared spherical bead
packs [1]. A more challenging task is the description of
local structure in systems that are far from an ordered
state. For example, one may want to characterise the dif-
ference in local structure in systems that are amorphous
throughout the sample but that spatially separate into
domains of different typical local structural motifs, as
has been observed recently in granular heaps [2]. Sim-
ilarly, a disordered jammed or unjammed conﬁguration
may evolve, for example under some compaction proto-
col, with distinct changes to the local structure without
ever reaching short- or long-range order. How does one
characterise differences between different forms of dis-
ordered conﬁgurations?
The most commonly used method for quantifying lo-
cal structure of spherical bead packs is by construction of
a nearest-neighbour bond network on which quantitative
structure metrics are computed, most notably the bond-
orientational order parameters ql and wl introduced by
FIGURE 1. Static spherical bead packs with their Voronoi
diagrams. (Left) A random jammed packing, (Right) The
hexagonal AAA stacking, obtained by vertically stacking pla-
nar triangular lattices of spheres with sphere centres vertically
aligned, as a particular example of one of a crystalline packing;
it has symmetry P6/mmm and is called hex in ref. [3].
Steinhardt et al [4], see also the discussion in [5].
An alternative approach for quantifying local structure
is provided by analyses of the Voronoi diagram of the
bead pack. The Voronoi diagram is the partition of space
into the same number of convex cells as there are beads
in the packing. The Voronoi cell of a sphere is the region
of space closer to that given sphere than to any other
sphere. In granular matter, Voronoi diagrams have been
used to determine distributions of local packing fractionsPowders and Grains 2013AIP Conf. Proc. 1542, 349-352 (2013); doi: 10.1063/1.4811939©   2013 AIP Publishing LLC 978-0-7354-1166-1/$30.00349
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[6, 7, 8], spatial correlations [9] and correlations with
particle motion [10], to name a few.
We have recently suggested that the shape of Voronoi
cells, in particular the degree of anisotropy or elongation,
provides insightful information about the local structure
of sphere packings and sphere ensembles [11, 12, 13].
A comprehensive quantitative method for characteris-
ing the degree of anisotropy of a convex object K, here
the Voronoi cell, is provided by so-called Minkowski
tensors [14, 15], based on the solid foundation of inte-
gral geometry [16]. The Minkowski tensors of rank two
comprise the moment tensor W 2,00 =
∫
K r⊗ rdV , sim-
ilar to the tensor of inertia, the moment tensor of the
bounding surface W 2,01 =
1
3
∫
∂K r⊗ rdA and the inter-
face tensor W 0,21 =
1
3
∫
∂K n⊗ndA; here r and n are po-
sition and surface normal vectors, and ∂K is the bound-
ing surface of the object K. For 3D polyhedra, the set
of Minkowski tensors is completed by moment tensors
W 2,01 =
1
3
∫
∂K H(r)r⊗ rdA and W 2,01 = 13
∫
∂K G(r)r⊗
rdA whose support are the edges and vertices of the
polyhedral surface and by a curvature-weighted inter-
face tensor W 0,22 =
1
3
∫
∂K H(r)n⊗ndA, see eq. (5-10) in
ref. [14]; H(r) and G(r) are discrete versions of the mean
and Gauss curvature which are non-zero only at edges
and vertices of the polyhedron K, respectively. For the
tensors W 2,0ν , we choose the sphere centres as the origin.
Each of these six tensors characterises a different as-
pect of the shape of K; for example, the moment tensor
W 2,00 is an integral measure of the distribution of mass
of the solid cell, W 2,01 of the same distribution of the hol-
low cell andW 0,21 of the orientational distribution of facet
directions (see ref. [14] for an interpretation of the re-
maining tensors). A simple way for reducing these ten-
sorial measures into scalar shape measures is the ratio
β r,sν = emin/emax of the smallest eigenvalue emin of W
r,s
ν
to the largest eigenvalue emax, although other invariants
could also be used [5, 17]. An object K with β r,sν = 1 is
said to be isotropic with respect to the Minkowski tensor
Wr,sν , and smaller values than 1 correspond to anisotropy
or elongation. Note that this notion of isotropy is not a
measure of deviations from a sphere (in contrast to the
concept of asphericity [18]), but a measure of elonga-
tion; a cube, all regular polyhedra, the Voronoi cells of
hcp and fcc closest packings of spheres all have β r,sν = 1,
for all six tensors.
Our previous analysis [11] of Voronoi cell shapes in
monodisperse static disordered sphere packs below pack-
ing fractions of 64% has demonstrated :
(a) The average Voronoi cell anisotropy 〈β r,sν 〉 appears to
be largely protocol-independent. The Voronoi cells be-
come on average more isotropic as the packing fraction
increases. See Fig. 2(a).
(b) The fraction of isotropic cells with β r,sν = 1 vanishes
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FIGURE 2. Average values 〈β r,sν 〉 and distribution f (r) of
anisotropy measures β r,sν , or the rescaled counterpart r :=
(1/β r,sν −1)/(1/〈β r,sν 〉−1), of the Voronoi cells of various dis-
ordered jammed sphere conﬁgurations. DEM refers to discrete
element simulations incorporating gravity and friction [19], LS
Lubachevsky Stilinger simulations without gravity and without
friction [20], FB tomographic data of glass beads in a ﬂuidised
bed [21] and DA tomographic data of dry acrylic beads [22].
The diagram (b) comprises all data sets with φ < 64% and
data for all six Minkowski tensors, with r = 0 corresponding
to isotropic cells with β = 1 (reproduced from [11])
for packings below ≈ 64%, cf. Fig. 2(b) and ref [13].
(c) Changes in anisotropy are qualitatively the same, re-
gardless of the morphological aspect (i.e. which of the
six Minkowski tensors) is used to characterise it.
(d) Larger cells are less isotropic than smaller ones, with
an approximate linear relationship between the average
β 2,00 and the local packing fraction, see Fig. 6 in ref. [11].
(e) In Lubachevsky Stilinger simulations where con-
ﬁgurations below and above φRCP ≈ 64% can be ob-
tained, a change in the distribution and averages of cell
anisotropies β r,sν is observed, reﬂecting the onset of local
crystalline domains. See Fig. 2(a) and also ref. [13].
(f) Non-static or unjammed disordered sphere conﬁgu-
rations are more isotropic than jammed disordered pack-
ings at the same density, at least those obtained from ran-
dom local distortions of slightly eroded jammed pack-350
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FIGURE 3. Voronoi cell anisotropies, quantiﬁed by eigenvalue ratios β r,sν of the Minkowski tensors, of the Voronoi cells of
crystalline spherical bead packs. Each data point represents one of the unimodal sphere packs described in the text (all Bravais
lattices with a single sphere per lattice point), with the col or indicating the kissing number n. The solid line indicates the average
anisotropies of disordered spherical bead packs, as displayed in Fig. 2. “C” marks the packing fraction above which we have found
crystalline packings whose Voronoi cells are more anisotropic than the average of the jammed disordered conﬁgurations. “A” marks
a packing fraction where packings with higher kissing number n= 8 are more isotropic than those with lower ones (n= 6), and “B”
a packing fraction where the opposite holds. The large turquoise dots represent the values of the hexagonal AAA stacking.
ings or as non-terminal conﬁgurations with ﬁnite pres-
sure in the Lubachevsky Stilinger algorithm.
We here present an analysis of β r,sν for the Voronoi
cells of crystalline bead packs. This analysis provides a
reference for the interpretation of Voronoi cell anisotropy
values in disordered packings. In addition, this analysis
is also motivated by the following question, related to
point (f) above and indeed posed to us by an anonymous
referee: At a ﬁxed volume fraction below φRCP ≈ 64%,
are there any ordered crystalline static bead packs whose
Voronoi cells are less isotropic (i.e. smaller values of
β r,sν ) than the jammed disordered structures?
For our purposes, a crystalline bead packing is an in-
ﬁnite set of non-overlapping monodisperse spheres ar-
ranged on a periodic lattice with 3 independent lattice
vectors. To ensure staticity, each sphere must be in con-
tact with at least 4 other spheres (which may not all be in
the same hemisphere), and any bead is connected to any
other via a chain of sphere-sphere contact points.
We speciﬁcally study periodic bead packs obtained by
decorating the points of a Bravais lattice with a single
bead, i.e. all beads (and also their Voronoi cells) are
symmetrically equivalent and there is only one bead per
translational unit cell. These are obtained by testing if a
Bravais lattice given by three lattice vectors a, b and c, all
of unit length |a|= |b|= |c|= 1 represents a valid static
sphere pack, as deﬁned above, for spheres of diameter 1.
In practise, we parametrise the vectors by the three
crystallographic angles between them, γ = (a,b),
α = (b,c) and β = (c,a), and scan the representative
range of α,β ,γ ∈ [0,π] by even discretisation in inter-
vals of 10−4. For each set of values, we test for particle
overlap with an absolute tolerance of 10−9 (for particles
of diameter 1) and for particle neighbourhood with an
absolute tolerance of 10−4.
Figure 3 shows the results of the analysis of the
Voronoi cell anisotropies of these crystalline packings.
Each diagram is a scatter plot, where each point repre-
sents one of the generated packings. The color coding
provides additional information about the kissing num-
ber (coordination), i.e. the number of neighbour spheres
in contact with the sphere. Noteworthy results are
(a) As expected, the simple cubic packing with φ =
π/6 ≈ 0.52, the bcc packing with φ =√3π/8 ≈ 0.68 as
well as the fcc and hcp packings with φ = π/
√
18≈ 0.74
are isotropic w.r.t. all tensors, i.e. β r,sν = 1.
(b) With respect to the tensors W 2,00 , W
2,0
1 , W
2,0
2 , W
2,0
3
and W 0,22 , the sc, bcc, fcc and hcp packings are the
only ones with isotropic Voronoi cells. However, for the
interface tensor W 0,21 , an additional isotropic case exists,
namely the hexagonal AAA stacking at φ = π/(3
√
3)≈
0.60 (see Fig. 1). In terms of the mass distribution this351
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Voronoi cell is not isotropic, but in terms of the surface
normal distribution it is.
(c) The hexagonal AAA stacking (see Fig. 1) is maxi-
mally isotropic w.r.t. interface tensor W 0,21 and it is more
isotropic w.r.t. the moment tensor W 2,00 than any of the
other crystalline packings with the same packing fraction
φ . However, w.r.t. the tensors W 2,03 and W
0,2
2 the AAA
structure is the least isotropic one out of all crystalline
packings analysed here. See Fig. 3.
(d) There is no universal correlation between kissing
number (coordination) and Voronoi cell anisotropy. For
example, with respect to the moment tensor W 2,00 , the
kissing number can increase (see the arrow marked “B”
in Fig. 3a) or decrease (A) with increasing anisotropy.
(e) For all packing fractions below φ ≈ 0.61, marked
as point C in Fig. 3(a), none of the sphere pack-
ings described above has Voronoi cells that are more
anisotropic (i.e. with smaller values of β r,sν ) than the aver-
age anisotropy of the jammed disordered structures stud-
ied in ref. [11]. In particular in terms of the facet orienta-
tional distribution (W 0,21 ) all crystalline Voronoi cells are
signiﬁcantly more isotropic than the jammed disordered
ones. However, with respect to β 2,00 there are crystalline
Voronoi cells in the range φ > 0.61 that are less isotropic
than the average jammed disordered ones.
Note that sphere packs with |a| 	= 1, or |b| 	= 1 or
|c| 	= 1 exist, but are excluded from this analysis since
an efﬁcient search through the then six-dimensional con-
ﬁguration space is hard (For a more systematic approach,
the enumeration of crystalline sphere packs by Koch and
Fischer [23] appears as a good starting point). A prelimi-
nary generation of some packings with |a| 	= 1, or |b| 	= 1
and |c| 	= 1 has yielded the following result, that requires
conﬁrmation. For all resulting such packings that have
φ > π/6 ≈ 0.524, the cell anisotropies are betweem the
minimal and maximal anisotropies found for packings
with unit length lattice vectors, for all tensors.
The seemingly well-deﬁned and smooth curves
representing the minimally and maximally observed
anisotropies in Fig. 3 are an indication that analytic
expressions for these envelopes could be determined.
For this purpose, existing knowledge (see the table on
p. 112 of ref. [24]) of possible Voronoi cell structures for
crystalline lattice conﬁgurations may be helpful.
It appears that local structure analyses based on shape
characterisation of Voronoi cells is a useful approach for
granular systems. Compared to standard approaches by
using the nearest neighbour bond network, this approach
has two signiﬁcant advantages. First, it is a more geo-
metric method and avoids the problems associated with
the discrete nature of the changes of neighbourhood [5];
whereas a neighbour bond abruptly ceases to exist, the
Voronoi cell shape changes continuously. Second, the
method generalises more readily to conﬁgurations of as-
pherical particles where the notion of a bond network is
even more ambiguous. Spherical bead packs are an im-
portant model for this method, and the crystalline conﬁg-
urations provide reference values.
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